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Abstract
Bulgarian solitaire is played on n cards divided into several piles; a move consists
of picking one card from each pile to form a new pile. In a recent generalization,
σ-Bulgarian solitaire, the number of cards you pick from a pile is some function σ
of the pile size, such that you pick σ(h) ≤ h cards from a pile of size h. Here we
consider a special class of such functions. Let us call σ well-behaved if σ(1) = 1
and if both σ(h) and h − σ(h) are non-decreasing functions of h. Well-behaved
σ-Bulgarian solitaire has a geometric interpretation in terms of layers at certain
levels being picked in each move. It also satisfies that if a stable configuration
of n cards exists it is unique. Moreover, if piles are sorted in order of decreasing
size (λ1 ≥ λ2 ≥ . . . ) then a configuration is convex if and only if it is a stable
configuration of some well-behaved σ-Bulgarian solitaire. If sorted configurations
are represented by Young diagrams and scaled down to have unit height and unit
area, the stable configurations corresponding to an infinite sequence of well-behaved
functions (σ1, σ2, . . . ) may tend to a limit shape φ. We show that every convex φ
with certain properties can arise as the limit shape of some sequence of well-behaved
σn. For the special case when σn(h) = ⌈qnh⌉ for 0 < qn ≤ 1, these limit shapes are
triangular (in case q2nn → 0), or exponential (in case q2nn → ∞), or interpolating
between these shapes (in case q2nn→ C > 0).
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21. Introduction
The game of Bulgarian solitaire is played with a deck of n identical cards divided
arbitrarily into several piles. A move consists of picking a card from each pile and
letting these cards form a new pile. This move is repeated over and over again. For
information about the earlier history of the Bulgarian solitaire and a summary of
subsequent research, see reviews by Hopkins [9] and Drensky [4].
Let P(n) denote the set of integer partitions of n. An integer partition of n is
a λ = (λ1, λ2, . . . , λℓ) such that λ1 ≥ λ2 ≥ . . . ≥ λℓ > 0 and
∑ℓ
i=1 λi = n. For
i > ℓ(λ) it will be convenient to define λi = 0. The number of non-zero parts of the
partition λ is denoted by ℓ = ℓ(λ). If piles of cards are sorted in order of decreasing
size, any configuration of n cards can be regarded as an integer partition of n. A
geometric shape arises when a configuration λ is represented by a Young diagram
of unit squares in the first quadrant of a coordinate system for the real plane, such
that the ith column has height λi. A move of the Bulgarian solitaire then has the
geometric interpretation of picking the first (i.e., bottom) layer of the diagram and
making it the new first column, left-shifting cards if needed so that the configuration
remains sorted.
→ →
Figure 1: A move in Bulgarian solitaire from λ = (7, 3, 2, 0, 0, . . . ) ∈ P(12): The
bottom layer is picked to form a new pile with three cards and the cards are then
left-shifted.
Olson [10] recently introduced a generalization of Bulgarian solitaire in which the
number of cards picked from a pile of size h is given by σ(h), where σ : Z+ → N can
be any function such that σ(h) ≤ h for all h ∈ Z+. The ordinary Bulgarian solitaire
is obtained for the constant function σ(h) = 1. Olson studied cycle lengths, proving
a general upper bound on cycle lengths for any specification of σ.
The key results known to hold for ordinary Bulgarian solitaire do not generalize to
Olson’s σ-Bulgarian solitaire. For instance, it is well-known that ordinary Bulgarian
solitaire has the property that if a stable (i.e., fixpoint) configuration exists it is
unique [3]. This uniqueness property of stable configurations does not generally
hold for the σ-Bulgarian solitaire; a simple counter-example is obtained by defining
σ(1) = 1, σ(2) = 1, and σ(3) = 3, in which case both (2,1) and (3) are stable
3configurations of three cards. To avoid such pathological cases we impose some
additional conditions on σ:
Definition 1. A σ-Bulgarian solitaire is said to be well-behaved if the following
three conditions on σ are satisfied:
1. σ(1) = 1,
2. σ(h) is a non-decreasing function,
3. σ¯(h) := h− σ(h) is a non-decreasing function.
The first condition in the definition says that from a pile with just a single card,
you pick that card. The second condition says that you never pick fewer cards from
a larger pile than from a smaller pile. The third condition says that the number of
unpicked cards are never fewer in the larger pile than in a smaller pile.
The aim of this paper is to show how a number of properties that are well-known
to hold for ordinary Bulgarian solitaire generalize to well-behaved σ-Bulgarian soli-
taire. A simple example is the dominance property: If a configuration λ is dom-
inated by another configuration κ, in the sense that λi ≤ κi holds for all i, then
this dominance relation is preserved as the solitaire is played in parallel from the
two configurations. Let λ ≤ κ denote the dominance relation and let λnew and κnew
denote the configurations obtained from playing one move of σ-Bulgarian solitaire
from configurations λ and κ, respectively.
Theorem 1. The implication λ ≤ κ⇒ λnew ≤ κnew holds in σ-Bulgarian solitaire
if both σ and σ¯ are non-decreasing functions. In particular, the implication holds
for well-behaved σ.
Proof. If σ¯ is non-decreasing, what remains of the old piles of λ will be dominated by
what remains of the old piles of κ. If σ is non-decreasing, the new pile formed from
λ will be dominated by the new pile formed from κ. This pilewise dominance clearly
remains when the piles in each configuration are sorted by size. By Definition 1, all
well-behaved σ satisfy that both σ and σ¯ are non-decreasing functions.
We now outline the other properties to be examined in this paper. In section 2
we show that moves of any well-behaved σ-solitaire have a geometric interpretation
in terms of picking certain layers of cards. In section 3 we demonstrate that sta-
ble configurations of any well-behaved σ-solitaire are unique for any n for which
a stable configuration exists. In section 4 we characterize stable configurations of
well-behaved σ-solitaires as convex (i.e., λi−λi+1 ≥ λi+1−λi+2 for all i ≥ 1). In sec-
tions 5 and 6 we define limit shapes of stable configurations for an infinite sequence
of well-behaved σn-solitaires and show that any convex shape can be obtained as a
limit shape of such a sequence.
4In section 7 we define the surplus and deficit of a configuration with respect to
a given stable configuration and show that the total surplus and total deficit can
decrease but never increase as a well-behaved σ-solitaire is played. This property
suggests that as a well-behaved σ-solitaire is played the configurations tend to con-
verge toward stable configurations. We conjecture that recurrent configurations are
so close to stable configurations that they have the same limit shape. In sections 8
and 9 we prove this conjecture in the special case when the σn-solitaires are given
by σn(h) = ⌈qnh⌉ for qn ∈ (0, 1]. The limit shapes of stable and recurrent configu-
rations are then triangular in case q2nn→ 0, and exponential in case q2nn→∞.
2. A geometric interpretation of well-behaved σ-Bulgarian solitaires
The moves of a well-behaved σ-Bulgarian solitaire has an intuitive geometric inter-
pretation. First note that σ is well-behaved if and only if it satisfies the boundary
condition σ(1) = 1 and the condition that for all pile sizes h > 0 the difference
∆σ(h) := σ(h) − σ(h − 1) equals either 1 or 0. We can then record the values
of h for which ∆σ(h) = 1 as a (finite or infinite) sequence H1 = 1, H2, H3, . . . .
For any index i for which Hi is defined it follows follows from the definition that
Hi = min{h : σ(h) = i}. A move of the σ-Bulgarian solitaire can now be described
as a move on the Young diagram of the configuration in which the cards in layers
number H1 = 1, H2, H3, . . . (counted from the bottom) are removed to form a new
column; sorting is then achieved by left-shifting the cards in every layer. See Fig-
ure 2 for an example. Note that ordinary Bulgarian solitaire is the special case in
which only row number H1 = 1 is removed to form a new column.
H2 = 4
H1 = 1
→ →
Figure 2: A move from the partition λ = (7, 3, 2, 0, 0, . . . ) ∈ P(12) in a well-behaved
σ-Bulgarian solitaire in which layers number H1 = 1 and H2 = 4 are picked to form
a new pile with four cards.
Observation 1. In the geometric interpretation of a well-behaved σ-Bulgarian soli-
taire, σ(h) equals the number of picked layers up to layer h.
In a move of a well-behaved σ-Bulgarian solitaire, the layers at levels H1 =
51, H2, H3, . . . are picked and any other layer, say at level h, drops σ(h) levels down
(with one of the picked card inserted at the left end). A layer may continue to
drop down for several moves but must eventually reach one of the levels H1 =
1, H2, H3, . . . and there be picked. Thus, any card currently at level h will eventually
be picked at some level P (h) that can be calculated recursively by
P (h) =
{
h if h ∈ {H1 = 1, H2, H3, . . .},
P (h− σ(h)) otherwise.
The following observation then follows immediately by induction.
Observation 2. In the geometric interpretation of a well-behaved σ-Bulgarian soli-
taire, it holds for any level h that the set
{P (h), P (h− 1), P (h− 2), . . . , P (h− σ(h) + 1)}
is some permutation of the set {H1 = 1, H2, . . . , Hσ(h)}.
3. Uniqueness of stable configurations
Recall that a configuration is said to be stable with respect to σ-Bulgarian solitaire
if a move in the solitaire leaves the configuration invariant.
Lemma 1. On the condition that σ¯ is a non-decreasing function, λ is a stable
configuration with respect to σ-Bulgarian solitaire if and only if λi+1 = σ¯(λi) for
all i ≥ 1.
Proof. A move of the solitaire decreases the size of any pile from λi to σ¯(λi) and
then creates a new pile such that the sum of all pile sizes stays constant at n,
the total number of cards. Because σ¯ is assumed to be a non-decreasing function,
the decreased piles will still satisfy σ¯(λi) ≥ σ¯(λi+1) for all i ≥ 1, that is, they
will not need to be reordered. Therefore λ is a stable configuration if and only if
σ¯(λi) = λi+1 for all i ≥ 1, as the new pile will then necessarily have size λ1.
Theorem 2. If σ¯ is a non-decreasing function, there is at most one stable config-
uration with respect to σ-Bulgarian solitaire for a given number n of cards.
Proof. When σ¯ is a non-decreasing function it follows from Lemma 1 that each
stable configuration is completely determined by the choice of λ1, the size of the
largest pile. Let λ be a stable configuration with n cards and consider another
stable configuration λ′ with λ1 > λ′1. It follows immediately by induction that
λi ≥ λ′i for all i ≥ 1, and consequently that the total number of cards in these two
configurations are different.
6We can also bound the difference in the total number of cards between consecutive
stable configurations in a well-behaved σ-solitaire.
Corollary 1. Assume that σ(1) = 1 and that both σ and σ¯ are non-decreasing
functions and let λ and λ′ be the stable configurations (with respect to σ-Bulgarian
solitaire) determined by first piles of size λ1 and λ
′
1 = λ1 + 1, respectively. Then
the difference in the total number of cards between λ′ and λ is at most ℓ(λ) + 1.
Proof. As we noted in the introduction, the assumption that both σ and σ¯ are non-
decreasing functions implies that for any pile size h we have that σ(h + 1) − σ(h)
equals either 1 or 0. Starting from the relation λ′1 = λ1 + 1, it follows immediately
by induction that as long as σ(λi+1)−σ(λi) = 0 we will also have λ′i+1 = λi+1+1.
The first time we instead have σ(λi + 1) − σ(λi) = 1, we will obtain λ′i+1 = λi+1,
and from that point on the pile sizes will be identical in the two configurations.
Thus, the difference in the total number of cards is equal to the number of piles
that differed in size, which is at most the number of piles in the larger configuration
λ′. Because each of its piles is at most one larger than the corresponding piles in
the smaller configuration λ, it can have at most one pile more. Hence, the difference
in the total number of cards is bounded by ℓ(λ) + 1.
4. Characterization of stable configurations
We shall now characterize what stable configurations of well-behaved σ-solitaires
look like. Define a configuration λ as convex if λi − λi+1 ≥ λi+1 − λi+2 ≥ 0 for all
i ≥ 1.
Lemma 2. A configuration λ is convex if and only if it is a stable configuration of
a well-behaved σ-Bulgarian solitaire.
Proof. First assume that λ is a stable configuration of a well-behaved σ-Bulgarian
solitaire. Then Lemma 1 says that λi − λi+1 = σ(λi) ≥ 0 for all i ≥ 1. As a
well-behaved σ is non-decreasing, this inequality implies that λ is convex.
To prove the converse, assume that λ is a convex configuration with ℓ nonzero
piles. Then for each i ≥ 1 we can choose a subset of (λi−λi+1)−(λi+1−λi+2) layers
in the interval of layers (λi+1, λi]. Note that this means all layers in the interval
(0, λℓ] are chosen, in particular layer 1. A well-behaved σ-Bulgarian solitaire is
therefore defined by picking the chosen layers in each move. Moreover, for all i ≥ 1
the corresponding σ will satisfy σ(λi) = λi − λi+1 as the latter expression equals
the number of picked layers up to layer λi (see Observation 1). Thus, λ is a stable
configuration of this well-behaved σ-Bulgarian solitaire.
75. The concept of limit shapes of stable and recurrent configurations
We shall consider a sequence of well-behaved σn, for n = 1, 2, . . . . Let fσn :
P(n) → P(n) denote the map on integer partitions of n defined by a move of
the σn-Bulgarian solitaire. For any n, the σn-Bulgarian solitaire can be regarded
as the deterministic process on P(n) defined by the iteration of the map fσn .
Given a process on P(n) defined by the iteration of any map fn : P(n)→ P(n),
we say that a configuration λ ∈ P(n) is stable with respect to this process in case
f(λ) = λ, and that the configuration is recurrent if there exists a positive integer
k such that fkn(λ) = λ. Thus, the stable configurations constitute a subset of the
recurrent configurations. Note that the set of all configurations, P(n), is finite.
Regardless of choice of starting configuration, the process must therefore inevitably
enter the set of recurrent configurations after a finite number of moves. We shall
now define what we mean by limit shapes of stable or recurrent configurations.
5.1. Downscaling of diagram-boundary functions
For any partition λ, define its diagram-boundary function as the nonnegative, weakly
decreasing and piecewise constant function ∂λ : R≥0 → R given by
∂λ(x) = λ⌊x⌋+1.
To illustrate, Figure 3 depicts the function graph y = ∂λ(x) for the partition λ =
(4, 4, 2, 1, 1, 0, 0, . . .).
✻
✲
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Figure 3: Function graph y = ∂λ(x) for the partition λ = (4, 4, 2, 1, 1) ∈ P(12).
To achieve limiting behavior of such function graphs as n grows we need to
rescale diagrams depending on the value of n. Following [6] and [12] we apply a
scaling factor an > 0 such that all row lengths are multiplied by 1/an and all column
heights are multiplied by an/n, yielding a constant area of 1. To avoid having to
8specify the scaling factor we shall consistently make the choice an = n/λ1, such
that the height of the diagram is also scaled to 1. Thus, given a partition λ we
define the downscaled diagram-boundary function of λ as the positive, real-valued,
weakly decreasing and piecewise constant function ∂λ : R≥0 → R≥0 given by
∂λ(x) =
1
λ1
∂λ(xn/λ1) =
1
λ1
λ⌊xn/λ1⌋+1. (1)
5.2. Limit shapes of recurrent configurations
Given an infinite family of maps on configurations, {fn : P(n) → P(n)} for n =
1, 2, 3, . . . , we say that φ : R≥0 → R≥0 is a limit shape of recurrent configurations
of the corresponding family of processes if the downscaled diagrams of recurrent
configurations with respect to f1, f2, f3, . . . converge to φ in the following sense:
∂λ(n)(x)→ φ(x) as n→∞ (2)
for all x > 0, where λ(n) is any recurrent configuration of fn.
5.3. Limit shapes of stable configurations of well-behaved σn-solitaires
Consider a sequence of well-behaved σn for n = 1, 2, . . . . For each value of n,
consider σn-Bulgarian solitaire and let
n∗ = n∗(n) := max{n′ ≤ n : there exists a stable configuration of n′ cards}.
The number n∗ is well-defined as there always exists a stable configuration on a
single card. Define λ(n
∗) as the stable configuration on n∗ cards; this is well-defined
according to Theorem 2. According to Corollary 1, the choice λ(n
∗(n)) as the stable
configuration corresponding to n will be the same for at most ℓ(λ(n
∗)(n)) + 1 values
of n. Thus, n∗(n) tends to infinity as n tends to infinity. In line with the limit shape
concept defined in equation (2), we define a limit shape of stable configurations for
the sequence of well-behaved σn, n = 1, 2, . . . , as a function φ : R≥0 → R≥0 such
that
∂λ(n
∗(n))(x)→ φ(x) as n→∞ (3)
for all x > 0.
6. Characterization of limit shapes of stable configurations of well-behaved
σn-solitaires
It is well-known that the Bulgarian solitaire has a stable configuration if only if
the total number of cards in the deck is a triangular number, n = 1 + 2 + . . . + k
for some positive integer k, in which case the unique stable configuration has one
9pile of each integer size from k down to 1 [3]. Thus, the Young diagrams of stable
configurations are staircase shaped and hence the limit shape, as n tends to infinity,
is a triangle. By the convention that the height and area are scaled to unity, the
limit shape will be a triangle of height 1 and width 2.
When generalizing from ordinary Bulgarian solitaire to well-behaved σn-Bulgarian
solitaire, the limit shapes that arise will not necessarily be triangular. Indeed, in
Theorem 3 we prove that any convex shape (with some properties) can be obtained
as the limit shape of a suitably chosen family of well-behaved σn, for n = 1, 2, . . . .
First we need a lemma.
Lemma 3. Let fn : (0,∞)→ R be convex functions for n = 1, 2, . . . , and suppose
there is a function f : (0,∞)→ R such that limn→∞ fn(x) = f(x) for any x > 0.
Then we also have pointwise convergence of right derivatives: limn→∞(fn)′R(x) =
f ′R(x) for any x > 0.
Proof. Clearly, f is convex. Therefore the left derivative f ′L and the right derivative
f ′R exists in all points in (0,∞). By the definition of right derivative, for any ε > 0
there exists an h > 0 such that
f(x+ h)− f(x)
h
< f ′R(x) + ε
for all x > 0. Since limn→∞ fn(x) = f(x), there exists an N ∈ N such that
fn(x+ h)− fn(x)
h
< f ′R(x) + ε for all n > N.
By the convexity of fn, we have
fn(x+h)−fn(x)
h ≥ f ′n(x). Therefore,
f ′n(x) < f
′
R(x) + ε for all n > N.
An analogous reasoning for the left-derivative gives f ′n(x) > f
′
L(x) − ε. Thus,
f ′L(x) − ε < f ′n(x) < f ′R(x) + ε for all n > N . As a consequence we must have
limn→∞ f ′n(x) = f
′(x), in particular limn→∞(fn)′R(x) = f
′
R(x) for any x > 0.
Theorem 3. Let φ : (0,∞) → R≥0 be a function and let a1, a2, · · · → ∞ be any
(positive) scaling factors such that a2n/n converges to some c ≥ 0 as n→∞. Then
the following are equivalent.
(a) There is a sequence of well-behaved σn, n = 1, 2, . . . , such that φ is a stable-
limit shape of (σn) under the scaling (an).
(b) φ is convex with
∫∞
0 φ(x) dx ≤ 1, and if c > 0 the right derivative φ′R(x) is
an integer multiple of c for any x > 0.
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Proof. To prove that (a) implies (b), suppose φ is a stable-limit shape of (σn) under
the scaling (an). Let λ
(n∗) denote the stable configuration in the σn-Bulgarian
solitaire with n∗(n) cards.
For each n, define a piecewise linear function φn : (0,∞)→ R≥0 by letting
φn(x) =
an
n
(
(1− t(x))λ(n∗)⌊anx⌋+1 + t(x)λ
(n∗)
⌊anx⌋+2
)
,
where t(x) := anx− ⌊anx⌋. Since each φn is convex, so is φ, and by Fatou’s lemma∫ ∞
0
φ(x) dx ≤ lim inf
n→∞
∫ ∞
0
φn(x) dx ≤ 1.
Now suppose c > 0. By Lemma 3, (φn)
′
R(x)→ φ′R(x) for any x > 0, so
(φn)
′
R(x)
a2n/n
→ φ′R(x)/c
as n→∞. But
(φn)
′
R(x)
a2n/n
= (λ
(n∗)
⌊anx⌋+2 − λ
(n∗)
⌊anx⌋+1),
which is an integer, so it follows that φ′R(x)/c is an integer.
For the other direction, suppose (b) holds true and that c = 0. Since φ is convex,
it has a right derivate φ′R. Let s1, s2, . . . be a sequence of positive real numbers
such that sn →∞ but sna2n/n→ 0 as n→∞, and such that snan is an integer for
any n.
Define a partition λ(n) by letting
λ
(n)
k =
snan∑
i=k+1
⌊− n
a2n
φ′R(i/an)⌋
for k = 1, 2, . . . . By the convexity of φ, we have
λ
(n)
k ≤ −
n
an
∫ ∞
k/an
φ′R(x) dx =
n
an
φ(k/an),
λ
(n)
k ≥ −
n
an
∫ sn
(k+1)/an
φ′R(x) dx − snan =
n
an
(
φ((k + 1)/an)− φ(sn)
)− snan.
From the first of these inequalities it follows that
∞∑
k=1
λ
(n)
k ≤ an
∫ ∞
0
n
an
φ(x) dx ≤ n.
Now, let µ
(n)
k = λ
(n)
k for k = 2, 3, . . . but choose µ
(n)
1 so that µ
(n)
1 + µ
(n)
2 + · · · = n.
Clearly, µ(n) is monotonic convex, so by Lemma 2 it is a stable configuration of a
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σn-Bulgarian solitaire for some well-behaved rule σn. Since φ is continuous, for any
x > 0 we have
an
n
λ⌈anx⌉ ≤ φ(⌈anx⌉/an)→ φ(x)
and, since sn →∞ and sna2n/n→ 0 as n→∞, for any x > 0,
an
n
λ⌈anx⌉ ≥ φ(⌈anx+ 1⌉/an)− φ(sn)−
sna
2
n
n
→ φ(x),
in other words, ann λ⌈anx⌉ → φ(x) for any x > 0, establishing that φ is the desired
stable-limit shape by the definition (3).
Now suppose (b) holds true and c > 0. Define a partition λ(n) by letting
λ
(n)
k = −
1
c
∞∑
i=k+1
φ′R(i/
√
cn)
for k = 1, 2, . . . . Since φ is convex, we have
λ
(n)
k ≤ −
√
cn
c
∫ ∞
k/
√
cn
φ′R(x) dx =
√
n
c
φ(k/
√
cn),
λ
(n)
k ≥ −
√
cn
c
∫ ∞
(k+1)/
√
cn
φ′R(x) dx =
√
n
c
φ((k + 1)/
√
cn).
From the first of these inequalities it follows that
∞∑
k=1
λ
(n)
k ≤
√
cn
∫ ∞
0
√
n
c
φ(x) dx ≤ n.
Now, let µ
(n)
k = λ
(n)
k for k = 2, 3, . . . but choose µ
(n)
1 so that µ
(n)
1 +µ
(n)
2 + · · · = n.
Clearly, µ(n) is monotonic convex, so by Lemma 2 it is a stable configuration of a
σn-Bulgarian solitaire for some well-behaved rule σn. Finally, since a
2
n/n → c as
n→∞, and since φ is continuous, for any x > 0 we have
φ(x)← an√
cn
φ(⌈anx+ 1⌉/
√
cn) ≤ an
n
λ⌈anx⌉ ≤
an√
cn
φ(⌈anx⌉/
√
cn)→ φ(x),
and hence φ is the desired limit shape.
Note that for a finite n a Young diagram will have unit area under our conven-
tional scaling with scaling factors (an). The reason why we have
∫∞
0 φ(x) dx ≤ 1 in
Theorem 3 is that the largest pile (or a few of the largest piles) may be arbitrarily
large without affecting the limit shape φ. Our limit shape definitions (2) and (3)
do not include x = 0 as to allow for limx→0+ φ(x) to be infinite.
12
7. A conjecture on limit shapes of recurrent configurations of well-behaved
σn-solitaires
When a stable configuration exists, ordinary Bulgarian solitaire eventually reaches
it. This does not hold in general for well-behaved σ-Bulgarian solitaire. One
counter-example is given by the well-behaved σ-Bulgarian solitaire defined by σ(h) =
⌈3h/10⌉ on n = 11 cards, as this game has both a stable configuration (5, 3, 2, 1)
and a non-trivial cycle
(6, 2, 2, 1) 7→ (5, 4, 1, 1) 7→ (6, 3, 2) 7→ (4, 4, 2, 1) 7→ (6, 2, 2, 1).
However, it is worth noting that the pile sizes in these recurrent configurations
never deviated by more than one card from the corresponding pile sizes in the
stable configuration. This is akin to the ordinary Bulgarian solitaire in the case
when n is not a triangular number so that no stable configuration exists; in that
case the solitaire will eventually reach a cycle of recurrent configurations, and these
are close to staircase shaped in the sense that they can all be constructed by starting
with some staircase configuration (k, k − 1, . . . , 1) and adding at most one card to
each pile, and possibly adding one more pile of size 1 [1, 2, 7, 8]. As n grows to
infinity and the diagram is rescaled such that its height and area are both equal to
1, the deviation of recurrent configurations from the perfect staircase tends to zero.
Thus, ordinary Bulgarian solitaire has a limit shape, namely the triangle of height
1 and width 2.
We believe that it is generally true that recurrent configurations must be suffi-
ciently close to a stable configuration for a limit shape of stable configurations to
also be a limit shape of recurrent configurations.
Conjecture 1. If φ is a limit shape of the stable configurations of a sequence of
well-behaved σn, then φ is also a limit shape of the recurrent configurations.
We leave this conjecture as an open problem. A first step toward its proof is that
a configuration’s total deviation from a stable configuration will often decrease but
never increase during play, as we show below.
7.1. Deviations, surplus, and deficit, with reference to a stable configu-
ration
Represent configurations by infinite vectors of pile sizes (a finite number of non-zero
piles and an infinite tail of zeros). For a given σ-Bulgarian solitaire, fix some stable
configuration λ∗ to be used as a reference and let n∗ denote the number of cards of
λ∗.
For any configuration λ of n cards we can calculate the component-wise difference
to the reference configuration λ∗ to obtain an infinite deviation vector d(λ) := λ−λ∗.
The sum of the elements of the deviation vector must equal the difference in the
13
number of cards in the two configurations: d1 + d2 + · · · = n− n∗, suppressing the
dependence on λ to avoid cumbersome notation.
The deviation vector can be decomposed as d(λ) = d+(λ) − d−(λ) where the
surplus vector d+(λ) is given by d+i = max(di, 0) for all i ≥ 1, and the deficit vector
d−(λ) is given by d−i = max(−di, 0) for all i ≥ 1. Denote the total surplus and total
deficit in by d+tot(λ) and d
−
tot(λ), respectively. Then, obviously,
d+tot(λ) − d−tot(λ) = n− n∗.
Thus, the difference between total surplus and total deficit is invariant under play.
7.2. The total surplus never decreases in well-behaved σ-Bulgarian soli-
taires
It is well-known and easy to see that ordinary Bulgarian solitaire has the property
that a move can never increase the total surplus: d+tot(λ) ≥ d+tot(λnew) will always
hold. This property generalizes to well-behaved σ-Bulgarian solitaire. To prove this
we shall extend the geometric interpretation of the solitaire by marking some cards
as plus-cards or minus-cards with special properties.
Given a reference stable configuration λ∗ of n∗ cards, any configuration λ of n
cards can be transformed to a marked version of λ in the following two steps:
1. Marking plus-cards : For any pile index i such that λi > λ
∗
i (i.e., such that the
pile has a surplus d+i = λi − λ∗i > 0), mark the d+i top cards of the pile as
plus-cards.
2. Creating minus-cards : For any pile index i such that λi < λ
∗
i (i.e., such that
the pile has a deficit d−i = λ
∗
i − λi > 0), add an additional d−i minus-cards to
the top of the pile.
Observation 3. In the marked version of λ the plus-cards and unmarked cards
together make up λ, while the minus-cards and unmarked cards together make up
λ∗. It follows that the number of plus-cards equals the total surplus and the number
of minus-cards equals the total deficit.
Recall the geometric interpretation of well-behaved σ-Bulgarian solitaire de-
scribed in section 2: Remove the cards in layers number H1 = 1, H2, H3, . . .
(counted from the bottom) and let these cards form a new first pile, then sort
the configuration by left-shifting the cards in every layer. The rules of play on
marked configurations follow this interpretation, with the following special rules for
marked cards.
Cancellation within the new pile: When a new first pile is formed, all minus-cards
and plus-cards in this pile float to the top of the pile. If there are both minus-cards
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and plus-cards in the pile then cancellation occurs: Repeatedly replace one minus-
card and one plus-card by a single unmarked card until either there are no more
minus-cards or there are no more plus-cards in the pile.
Cancellation within a layer : Left-shifting layers clearly corresponds to minus-
cards in the first pile swapping places with any cards to the right in the same layer.
If at any point a minus-card that started in the first pile swaps places with a plus-
card, replace the minus-card and the plus-card by a single unmarked card; then
continue left-shifting as usual.
We shall refer to this process as the marked σ-Bulgarian solitaire.
Lemma 4. If a well-behaved σ-Bulgarian solitaire from λ is played in parallel with
the marked σ-Bulgarian solitaire from the marked version of λ, Observation 3 will
continue to hold.
Proof. First restrict attention to the movement of the minus-cards and unmarked
cards. Together they make up the stable configuration λ∗ so, precisely because this
is a stable configuration, these cards will still make up λ∗ after a move. Now restrict
attention to the movement of plus-cards and unmarked cards. Together they make
up λ so clearly after one move they will make up λnew. Finally, different types
of cards interact only in the form of cancellations within the new pile or within a
layer. In both forms of cancellation, the configuration made up of minus-cards and
unmarked cards together is unchanged as in effect a minus-card is replaced by an
unmarked card. The same goes for the configuration made up of plus-cards and
unmarked cards together.
From Lemma 4 the desired result follows immediately.
Theorem 4. Total surplus and total deficit may decrease but never increase during
play of a well-behaved σ-solitaire.
Proof. From Lemma 4 and the rules of the marked σ-Bulgarian solitaire it follows
that the total surplus equals the number of plus-cards and the total deficit equals
the number of minus-cards, which decrease when cancellations occur but never
increase.
In order to prove Conjecture 1 we now only need to prove that whenever the
deviation from the closest stable configuration is large, a cancellation of a plus-card
against a minus-card must eventually occur.
A reason why it is likely that a cancellation will eventually occur is that when
plus-cards start over from the first pile they obviously do so from a higher level
than minus-cards. It will therefore generally take a greater number of moves for
a plus-card than for a minus-card from when it starts over until it reaches the
level of a picking layer where it starts over again. Thus minus-cards have shorter
periods than plus-cards and should eventually catch up with them. For ordinary
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Bulgarian solitaire, which has only one picking layer, this argument is sufficient to
prove that cancellations must occur until no more minus-cards remain. In general,
however, well-behaved σ-solitaire has several picking layers and this makes it difficult
to perform a rigorous study of periods. However, we still believe that it may be
possible to overcome these technical difficulties to achieve a proof of Conjecture 1.
8. Limit shapes of stable configurations of qn-proportion Bulgarian soli-
taire
In order to calculate explicit limit shapes we make a canonical choice of a well-
behaved σ, namely σ(h) = ⌈qh⌉ for q ∈ (0, 1]. (It should be obvious that this
function satisfies the conditions for being well-behaved, see Definition 1.) In words,
this form of σ defines a solitaire in which from each pile we pick a number of
cards given by the proportion q of the pile size, rounded upward to the closest
integer. We will refer to this solitaire as q-proportion Bulgarian solitaire. Following
the geometric interpretation of well-behaved σ-Bulgarian solitaire, the cards picked
in q-proportion Bulgarian solitaire can be seen as layers number H1, H2, H3, . . . ,
where for any i > 0 we have Hi = min{h : ⌈qnh⌉ = i}. Thus, q-proportion
Bulgarian solitaire is a well-behaved σ-Bulgarian solitaire in which the picked layers
are approximately equidistant.
We may let the choice of q depend on n, in which we write qn. Note that for
qn ≤ 1/n only one card is picked in any pile. Thus by choosing qn ≤ 1/n we obtain
ordinary Bulgarian solitaire.
Thanks to Lemma 1 we can determine a unique stable configuration of a q-
proportion solitaire by choosing the size of the largest part and then obtain the
other parts by repeatedly applying the function σ¯(h) = h − ⌈qh⌉. This makes it
easy to determine the limit shapes of stable configurations. Specifically, we identify
three different regimes defined by the asymptotic behavior of nq2n.
First, in case nq2n tends to zero as n tends to infinity, stable configurations have
a triangular limit shape. This is a direct generalization of the limit shape result for
the ordinary Bulgarian solitaire.
The second regime is when nq2n tends to infinity, in which case an exponential
limit shape is obtained. The borderline regime when nq2n tends to a constant C
yields an infinite family of limit shapes (parameterized by C), which interpolate
between the triangular shape of the first regime and the exponential shape of the
second regime.
A move of q-proportion Bulgarian solitaire involves rounding the number of
picked cards in each pile to integers. The three regimes differ in how much im-
pact this rounding has on the result. The following couple of lemmas estimate the
impact of rounding.
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Lemma 5. After a move in q-proportion Bulgarian solitaire from a configuration
with m non-empty piles, the size of the new pile is nq + r where 0 ≤ r < m.
Proof. By the definition of q-proportion Bulgarian solitaire, the contribution to the
new pile from any old non-empty pile λi is ⌈qλi⌉, which is bounded from below and
from above by
λiq ≤ ⌈qλi⌉ < λiq + 1.
The lemma follows from summing over all m non-empty piles.
Lemma 6. The number of moves in q-proportion Bulgarian solitaire until a pile of
size h disappears is at most
ln(qh) + 1
q
.
Proof. In each move a pile decreases at least by a factor of (1− q). A pile starting
at size h will have gone down to size 1/q after at most ln(1/(qh))/ ln(1− q) moves,
which (using the MacLaurin expansion of the denominator) in turn is bounded by
ln(qh)/q. From size 1/q and onward the pile will, due to rounding, lose exactly 1
card per move for 1/q moves at which point the pile has disappeared.
We shall now derive the limit shape of stable configurations depending on the
asymptotic behavior of nq2n. See Figure 4.
(a) (b)
(c)
Figure 4: The three cases of limit shapes in Theorem 5: (a) triangular, (b) expo-
nential, and (c) interpolating with J linear sections, here illustrated for J = 3.
First, recall from Section 5.1 that the scaling factor we employ is an = n/λ1 =
1
qn
. Thus, if qn is bounded away from zero, then the scaling
1
qn
is bounded and
hence cannot transform the jumpy boundary diagrams into a smooth limit shape.
Therefore we shall require
qn → 0 as n→∞.
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Theorem 5. There are three cases for limit shapes of stable configurations of q-
proportion Bulgarian solitaire, depending on the asymptotic behavior of nq2n:
(a) In case nq2n → 0, there is a triangular limit shape. Under the standard scaling
we apply, by which the height of the diagram is scaled to 1, the downward slope
of the triangle will be 1/2.
(b) In case nq2n →∞, there is an exponential limit shape.
(c) Interpolating between the two previous cases is the case nq2n → C > 0. Define
z > 0 by the equation
2C =
z2 + ⌈z⌉2
⌈z⌉ −
⌈z⌉−1∑
i=0
1
⌈z⌉ − i
and set A0 =
z
C
1+z−⌈z⌉
⌈z⌉ and Ak =
z
C
1
⌈z⌉−k for 1 ≤ k ≤ ⌈z⌉ − 1. The limit
shape approximates the exponential shape using Z := ⌈z⌉ linear sections such
that the first section has width A0 and every subsequent section, numbered
k = 1, 2, . . . , Z − 1, has width Ak. The slope of the ith section is C(Z−i)z2 for
all i = 0, 1, . . . , Z − 1.
Proof. (a) In case nq2n → 0 we shall see that the effect of rounding dominates in
a move from the stable configuration. Specifically, for all sufficiently large n we
have qn
√
2n < 1 and hence ⌈qnh⌉ = 1 for all 0 < h <
√
2n. Now, assume that
the largest pile of a configuration is λ1 ≈
√
2n. Then the size of this pile will
decrease by 1 card per move until after ⌈λ1⌉ ≈
√
2n moves the pile has disappeared.
By Lemma 1 the corresponding triangular configuration λ is stable. The number
of cards in this configuration is approximately n, which confirms that a stable
configuration of n cards (if it exists) will indeed have a largest pile of size ≈ √2n.
Downscaling (where the vertical scaling factor is 1/λ1 = 1/
√
2n and horizontal
scaling factor λ1/n =
√
2/n) yields a boundary diagram ∂λ where column k has
height 1− (k − 1)/√2n, k = 1, 2, . . . . Since the width of each column is
√
2/n, the
boundary diagram function for λ is ∂λ(x) = 1 − ⌊x/
√
2/n⌋/√2n→ ∞ as n → ∞.
By definition (3), the proposed limit shape is y = 1− x/2 for x ≥ 0.
(b) In case nq2n → ∞ the effect of rounding turns out to be negligible in a
move from the stable configuration. Let λ1 denote the largest pile in the stable
configuration and let m denote the number of non-empty piles. In view of Lemma 1
it follows from sequential application of Lemma 5 and Lemma 6 that
λ1
nqn
= 1 +O
(
m
nqn
)
= 1 +O
(
ln(qnλ1) + 1
nq2n
)
.
Under the assumption nq2n → ∞ it is easy to see that the second term, which
estimates the total effect of rounding after downscaling, will tend to zero. With no
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rounding, pile sizes decrease geometrically with decay factor 1 − qn. Thus, after
downscaling the stable configuration is asymptotically equal to a configuration λ
with a first pile of size 1 and subsequent piles of size 1 − qn, (1 − qn)2, . . . . Since
the horizontal scaling factor is λ1/n = qn, the width of each column in the rescaled
boundary diagram ∂λ is qn. Thus ∂λ(x) = (1 − qn)⌊x/qn⌋ for x ≥ 0. As n → ∞,
qn → 0 and ∂λ(x)→ e−x, proving the proposed limit shape.
(c) For the remaining case, the crucial observation is that the rate by which a
pile melts away depends on how the pile size relates to multiples of 1/qn. Any pile
size can be expressed on the form y/qn for some y > 0. From a pile of that size,
a move will take away the amount ⌈y⌉. Thus, a pile starting at a size of z/qn will
initially melt away at a slope of Z = ⌈z⌉ per move for
⌈
1+z−Z
Zqn
⌉
moves, i.e. until
the pile size reaches the threshold (Z − 1)/qn. At this point the slope decreases to
Z − 1 per move for
⌈
1
qn(Z−1)
⌉
moves until the pile size reaches the next threshold,
(Z − 2)/qn, etc. This pattern ends with a section of slope 1 per move for ⌈1/qn⌉
moves. See Figure 5. By Lemma 1 this sequence of pile sizes constitutes a stable
configuration Λ. It is elementary, although somewhat tedious, to verify that the
total amount of cards n′ in this configuration is
n′ =
Z−1∑
i=0

zBi
qn
− (Bi − 1)(Z − i)
(Bi
2
+
Z−1∑
j=i+1
Bj
)
where B0 = ⌈ 1+z−ZqZ ⌉ and Bk = ⌈ 1q(Z−k) ⌉ for 1 ≤ k ≤ Z − 1 are the lengths of
the Z sections with constant slope in the configuration Λ. Under the assumptions
nq2n → C and qn → 0 as n→∞, it is straightforward (but again somewhat tedious)
to verify that, as n→∞, we have
q2nn
′ → 1
2
(
z2 + Z2
Z
−
Z−1∑
i=0
1
Z − i
)
= C
where the equality comes from using the value of z defined in the theorem. The
actual total amount of cards that we play with is n. Thus, the two amounts of cards
n and n′ are asymptotically equal under the assumption nq2n → C, in which case
the actual stable configuration is asymptotically equal to the stable configuration
Λ described above.
Let Ai be the length of the ith section, 0 ≤ i ≤ Z − 1, after downscaling Λ with
our standard scaling factors (horizontal scaling by znqn and vertical scaling by
qn
z ).
Then
A0 =
z
nqn
⌈
1 + z − Z
qnZ
⌉
→ z(1 + z − Z)
CZ
and
Ak =
z
nqn
⌈
1
qn(Z − k)
⌉
→ z
C(Z − k) , 1 ≤ k ≤ Z − 1
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as n→∞. The proposed slopes of the sections follow immediately. Analogously to
the proof in case (a), it follows that the above describes the limit shape.
⌈
1+z−Z
qnZ
⌉ ⌈
1
qn(Z−1)
⌉ ⌈1/qn⌉
0
1
qn
Z−2
qn
Z−1
qn
z
qn
slope Z
slope Z − 1
slope 1
Figure 5: The stable configuration Λ in case (c) of the proof of Theorem 5.
9. Limit shapes of recurrent configurations of qn-proportion Bulgarian
solitaire
Although we have not been able to prove Conjecture 1 for general well-behaved
σ-solitaire, we can prove the conjecture in the special cases of the two main regimes
of qn-proportion solitaire.
Lemma 7. After n moves of qn-proportion solitaire on n cards there are at most
2
√
n nonempty piles and the largest pile is at most of size nq +O(
√
n).
Proof. Every nonempty pile decreases by at least one card in each move. As all
pile sizes are bounded by n, all original piles must have died out after n moves.
Moreover, because there are n cards in total there are always at most
√
n piles of
size greater than
√
n. After
√
n moves all other piles will have died and
√
n new
piles will have been created, hence there will then be at most 2
√
n nonempty piles.
From then on, when new piles are formed they will have size nq+O(
√
n), where the
latter term is the contribution from the number of picked cards in each pile being
rounded upwards to the closest integer.
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9.1. The limit shape of recurrent configurations in the case q2nn→ 0
In case q2nn→ 0, Lemma 7 implies that after n moves the largest pile size is O(
√
n).
Then the number of picked cards in each pile is bounded by ⌈qnO(
√
n))⌉. This
number equals 1 for sufficiently large n. From then on the solitaire is therefore
equivalent to ordinary Bulgarian solitaire. As the recurrent configurations of ordi-
nary Bulgarian solitaire are known to converge to a triangular limit shape, it follows
that the recurrent configurations of qn-proportion Bulgarian solitaire do too in this
case.
9.2. The limit shape of recurrent configurations in the case q2nn→∞
Finally, we shall prove that in the case q2nn → ∞, the recurrent configurations of
qn-proportion solitaire have an exponential limit shape. We do this by showing that
regardless of which configuration we start at we must eventually reach configurations
that are close to the exponential shape. Our proof works with piles sorted by time of
creation rather than by size. Thus, as mathematical objects the configurations are
then compositions rather than partitions. However, as we prove in the companion
paper [5], if a sequence of compositions has a decreasing limit shape then the same
limit shape is obtained by the corresponding partitions.
Lemma 7 implies that after n moves the largest pile is always of size nqn +
O(
√
n) = n(qn + o(1)) and that after an additional 2
√
n moves all non-empty piles
will be stemming from piles of that size. At this point, let αi denote the size of
the pile that was created i moves ago (i = 1, 2, . . . ) and has since been decreased
i− 1 times. Thus αi = (1 − qn)i−1n(qn + o(1))−O(i) where the latter term is the
contribution from rounding downward in each move.
Let x = x(i), x ≥ 0, be the x-coordinate of the column corresponding to αi in
the composition diagram of α, and y the height of this column, after downscaling:
x = (i− 1)(qn + o(1)), y = (1− qn)
i−1n(qn + o(1))−O(i)
n(qn + o(1))
. (4)
Then i = 1 + xqn+o(1) and
y(x) =
(1− qn)x/(qn+o(1))n(qn + o(1))−O( xqn+o(1))
n(qn + o(1))
= (1− qn)x/(qn+o(1)) −O
(
x
n(qn + o(1))2
)
= (1− qn)x/(qn+o(1)) − o(1),
where we used q2nn → ∞ as n→ ∞ in the last step. Since (1− qn)x/qn → e−x, we
therefore have y(x)→ e−x. Recall that qn → 0 as n→∞. Thus, by (4), for a fixed
i we have x = x(i)→ 0 as n→∞. In other words, the width of each column in the
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composition diagram for α (after downscaling) is qn + o(1) → 0. This means that
the limit y(x) → e−x holds for any x ≥ 0, which, by the definition (2), establishes
the limit shape for the qn-proportion Bulgarian solitaire.
Finally, thanks to the abovementioned result from [5], the same limit shape is
obtained when the piles of the weak compositions are reordered to form partitions.
10. Discussion
In this paper we have discussed limit shape results for stable and recurrent config-
urations. Popov [11] studied the limit shape of the configurations drawn from the
stationary distribution of a random version of Bulgarian solitaire, in which a card
is picked from a pile only with probability p (and independently of other piles). He
found that also this random version yields a triangular limit shape, in the sense
that the probability of deviations larger than some ε > 0 tends to zero as n tends
to infinity. In a companion paper [5] to the present paper we study a random ver-
sion of qn-proportion Bulgarian solitaire and the conditions under which it has an
exponential limit shape.
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